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Motivation

e Magic state distillation (MSD) is highly costly due to its demand for many
logical operations.

e \We should tailor & optimise it to a specific code we want to use.
e Such optimisation has been studied well for surface codes by Litinski.

e How about for color codes?
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o Color-code lattice rombinavartinelgado,

» 3-valent

- 3-colorable faces & edges

e Qubit on each vertex

e X-type and Z-type checks on each tace

Color Codes

Definition
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Color Codes

Logical Patches

(b)

Aﬁ Solid lines: Pauli-Z strings

Dotted lines: Pauli-X strings

Triangular patch
(single logical qubit)

(d)
Rectangular patch 7
(two logical qubits) 7

May have different code distances for logical X and Z errors.
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Single-Level MSD Scheme

15-to-1 MSD circuit

(Stage) 1 2 P 3 Q P 4 Q P 5 Q P 6 Q P 7 Q P 8 Q

(Rotation) 12 34 5 6 7 8 9 10 11 12 13 14 15 ]17;/8
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Faulty rotation gate P_q

e any Z errors on validation qubits,

e at most one X error on a validation qubit



Single-Level MSD Scheme

15-to-1 MSD circuit

(Stage) 1 2 P 3 Q P 4 Q P 5 Q P 6 Q P 7 Q P 8 Q
(Rotation) 12 34 5 6 7 8 9 10 11 12 13 14 15 ]1;/8
Output |+) ITHIHIHHIHHZHZHHZ2HHZHZHHZHHZ— e ™X|A) = |0) + e 7™*|T)
rA [T ZE 22211 HZHZ2 127 Tz X =1
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® at most two rotation errors,

e any Z errors on validation qubits,

e at most one X error on a validation qubit



Single-Level MSD Scheme

15-to-1 MSD circuit

(Stage) 1 P 7 Q P 8 Q
(Rotation) 1,2 1|3 1I4 1|5 ]1;/8
Output [} ZHZHZ— e ™ XIT) = [0) + e~T)
(A |+) ZH Z—1I—Z— X}
Validation | B $> [ R Z iR Z I X
qubits< c |[¥) HZH I | Z—=Z—X)
\D [+) Z—I—Z—X}
T T
The circuit can tolerate R
e at most two rotation errors, \A Does not damage the output qubit without being detected
e any 7 arrors on validation qubits, even though it causes more than two rotation errors
 at most one X error on a validation qubit Mrowe[asimn=Y [ T]P
PeP PEP PcP L Pep




Single-Level MSD Scheme

15-to-1 MSD circuit

Conflguratlon of rotation gates

[ (Stag) 1 2 r30q p4o o pP6Q P7a PBQ
(Rotation) 12 34 5 6 . 5 9 10 11 12 13 14 15 Ly
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Five logical qubits Faulty rotation gate P EPE = Py = 0P
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Latt|ce surgery e T



Single-Level MSD Scheme

Faulty T-measurement

Measure in the basis of
{Z—/\/\ZW/S\:>} — iy
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Auxiliary logical qubit ‘$

» Bell measurement
{IX®X,ZQ 7}
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Faulty T-measurement
Measure in the basis of {|O) + e""l”/4|1)}




Single-Level MSD Scheme

Layout
dx,d,,d ) scheme

sng-(d,

ut’ Output
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Faulty T-measurement

N Use rectangular patches
A m -+ (i) X and Z errors have different effects on the circuit and

TIB (ii) only Z operators are involved in the lattice surgery.

Auxiliary patches for faulty T-measurement
: Perform two faulty rotations at the same time.

Interface regions for domain walls
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Single-Level MSD Scheme

Layout
sng-(d, ., dx,d,, d ) scheme .
9-(dour @x> 7, ) Output |T) THIHITHTHZHZzHZzHzHZzHZ21HZ -
(AT 222 T HZ—Z—1—Z—1—Z—X}
validton B [+) 1 ZIIZZ I Rz T 2 [z 2 XD
qubits } ¢ |F) 4 22122 T 2T T 77X}
\D [+) 1 [ HZZZZ1 1 ZHZ1Z—XD
15 - =F FE

Faulty T-measurement

TRI,  TRI
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Single-Level MSD Scheme

Lattice Surgery

e Two commuting Pauli operators can be measured in parallel.
Ref) Thomsen et al., arXiv:2201.07806




Single-Level MSD Scheme

Syndrome Extraction Circuit

e Two-body check measurements can be done simultaneously with other check measurements.

RYONAE
il

\ 4 v
Initialization: 8 Initialization: 1
Measurement: 7 Measurement: 8

L3 4

57 \6 Initialization

1: Measurement
1,3,5, 5
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Single-Level MSD Scheme

Configuration of Rotation Gates

| (Stage) 1 2 P3Q P4Q P5Q P6Q PTQ P8Q

| (Rotation 12 34 5 6 7 8 9 10 11 12 13 14 15 1,
> I T s S 2

rA|+) —HZE Z—Z—Z—I—I—Z—Z—I1—Z—1—Z—X}

Validation | B |+) ZIHZRIRZHZRIHZHI R ZH T 5 Z fHZ [HXE

q“b‘t5< C |+) —ZE ZHZ=I—ZHZHIHZHHI I 7272 -X]

\. D |+) ZHHIHZ— 2722 I —=ZHZH1H7ZHX}

* Perform two rotations in each stage.

e \\e should consider two factors:

1. The number of harmful errors (that cause logical errors on the output state
without being detected) varies depending on the configuration.

2. The layout is not distance-preserving for some configurations.
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Single-Level MSD Scheme

Configuration of Rotation Gates

(Stage) 1 2 P 3 Q P 4 Q P 5 Q P 6 Q P 7 Q P 8 Q
(Rotation) 12 34 5I—é R )1 1 1 3 1 5 1.
Output |+) I—1T —TX[A)
(A |+) 128 Z—Z )
Validation | B :> ZRZ AT - }
qubits< C _> AR 77 }
\.D |+) ZHI—Z ]

 Perform two rotations in each stage. = | |
(i) Activate the output qubit as late as possible.

° We Shou\d Cons|der two factors ( ) Make X terrors rlght after stages 5 and 6 unharmftul.

1 . he number of harmful errors (that cause \oglca\ errors on the output state
- without belng detected) varies dependmg on the Conflguratlon

2 The \ayout E not dlstance-preservmg for some conﬁguratmns
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Single-Level MSD Scheme

Configuration of Rotation Gates
- AZ 4t €rror can occur
by error strings with weight < d

%C%CCD dx (oY ST STIgS W eI = Pout)

TRIs condition 1. (i) dows — dz < dm < 2dz, (i) Zocn) €
_ 6 _
(P} and (i) if d7 > 2d + 2, (Z(sy), 5 and

o . /8
e Perform two rotations in each stage. dou (Z(13).. s are ot paired for each (s,t) in (OAC, OBC),
. (OAD, OBD), (OAC, OAD), (OBC, OBD), (OCD,
e \\Ve should consider two factors: OABCD), and (OAB, OABCD).

1. The number of harmful errors (that cause logical errors on the output state
without belng detected) varies dependmg on the Conflguratlon

2 The \ayout s not dlstance-preservmg for some conﬁguratmns

16



Single-Level MSD Scheme

Summary

e Basic ingredients: Lattice surgery & Faulty T-measurement

e By arranging the rotation gates properly,
the number of harmtul errors can be minimised & the layout can be distance-preserving.

e Output infidelity 2 35p° for circuit-level physical error rate p

(Stage) 1 2 P 3 Q P 4 Q P 5 Q P 6 Q P 7 Q P 8 Q dz
(Rotation 1,2 3,4 é—|6 7|—|8 é—llo 1Iil2 1|3—1|4 1|5—]17|T/8 / /
Output |+) IHIHIHIHZHZHZHZ2HZHHZHZ— e T X [4) X /RECAR/ /RECon dx
(A |+) 1ZK ZZ—ZAI I —Z—Z—/1—Z—/1—/Z—X}
Validation< B [T ZHZH Tz H 2 T EH 2 H T B 21 T H 72 B 72 BXD TRI, s AT :.:,f
qubits \ 1) 7] Z—Z—I1—ZZ/1/Z/1—/1—Z/Z—X] A  Anc. patch ]
\D |+) ZJHI—ZHZ2—ZHHZ2HI I HZ—ZH1HZ-X] Am
. —— T,
d1pE = —p Pi= TRIyu
Bl I = L dout
+) 1 ZHXEHZ EHXE

17



Production of Higher-Quality Magic States

Chamberland-Noh (CN) Protocol

e Distillation-free magic state preparation protocol

> Fault-tolerantly prepare a H-type magic state
T & .= itSTT7 | A
H) := cos§\0)+sm§\1) = e""°HZ_,,|A)

an Quaﬂtum |mformati0ﬂ www.nature.com/npjgqi

ARTICLE W) Check for updates

on a trian gu lar color code withd <7 Very low overhead fault-tolerant magic state preparation using
redundant ancilla encoding and flag qubits

» Using the transversality of the logical H gate christopher Chambetr

Fault-tolerant quantum computing promises significant computational speedup over classical computing for a variety of important
problems. One of the biggest challenges for realizing fault-tolerant quantum computing is preparing magic states with sufficiently
° * low error rates. Magic state distillation is one of the most efficient schemes for preparing high-quality magic states. However, since
> N O n = d e St r u Ct | Ve |y | I I e a S u re H t h rO u g h | I I u |t| p | e magic state distillation circuits are not fault-tolerant, all the operations in the distillation circuits must be encoded in a large distance
error-correcting code, resulting in a significant resource overhead. Here, we propose a fault-tolerant scheme for directly preparing
high-quality magic states, which makes magic state distillation unnecessary. In particular, we introduce a concept that we call

CO n‘t rO | | e d _H g a'te S b etwe e n d ata a n d a n Cl | | a q u b i‘tS redundant ancilla encoding. The latter combined with flag qubits allows for circuits to both measure stabilizer generators of some

code, while also being able to measure global operators to fault-tolerantly prepare magic states, all using nearest neighbor

d 1,24 h 11X

and Kyungjoo No

interactions. We apply such schemes to a planar architecture of the triangular color code family and demonstrate that our scheme
requires at least an order of magnitude fewer qubits and space-time overhead compared to the most competitive magic state
distillation schemes. Since our scheme requires only nearest-neighbor interactions in a planar architecture, it is suitable for various

> E nsure fa U |t—to | erance by 'ﬂ a g q U b itS quantum computing platforms currently under development.

npj Quantum Information (2020)6:91 ; https://doi.org/10.1038/s41534-020-00319-5

 Highly resource-efticient, but its output infidelity is
imited (e.g., g 10~10 for p = 10~%)
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Production of Higher—QuaIity Magic States

Combined MSD Scheme

e The CN protocol is executed repeatedly in
each auxiliary patch.

o |H) is first prepared in a patch with
distance dpon £ 7,

then grown to distance d.,.

Left aux. patch Right aux. patch

. Auto-correction patch
e Use more than two auxiliary patches.

" The CN protocol takes some time.
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. Auto-correction qubit |0), .Y




Performance analysis

e Suppose the circuit-level noise model with strength p

e Use the Concatenated MWPM decoder

Ret) Lee et al., Color code decoder with improved scaling for correcting circuit-level noise, arXiv:2404.07482 (2024).

» Circuit-level threshold of 0.46%

- Nearly reaches the best sub-threshold scaling: p;.;; ~ p%~

(a) Ubdry

(c)




Triangular

Rectangular

Logical error rates (per round/area) vs circuit-level noise

107

Performance analysis
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Performance analysis

e Possible error sources
» Triangular and rectangular patches
> Ancillary region (for lattice surgery)

» Non-Clifford components (faulty T-measurement or the Chamerland-Noh protocol)

e Fach type of error source can be mapped to a noise channel of the form

U,Derr L p (1 _perr)ﬁ_l_perrUpU
acted on the ideal final state of the output and validation qubits

- p: logical state of the output and validation qubits
Cr

>

. logical error rate

(obtained from simulating triangular/rectangular patches with the concatenated MWPM decoder)

> U: product of z/2- or (xx/4)-rotations in bases consisting of Z operators only
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Performance analysis

= p=107"> p=10"% p=5x10—% p=10-3
3 1012
O
Q 1010 _ _ _ L
£ 10 A, A A
8 108 - 4,0t a - NS - ]
A
8 6 u\ : | : : R I k
» 10° - - - - ®
2 ‘\x‘\"\ ’ %
."8 104 _ ® % — * — ® —
HG_J ® 4 3
"LE 102 | | | | | | | | | | | |
1026 102" 10-'®* 10" 10710 10" 10" 10 103107 10" 10® 10° 10210 10°® 10°® 10* 1072
Output infidelity qgist Output infidelity qgist Output infidelity qgist Output infidelity qgist
— Single-level MSD scheme x  Chamberland-Noh protocol
Combined MSD scheme e Surface code (single-level) .
A Previous MSD scheme based on transversal gates e Surface code (two-level) (Litinski)

(Beverland et al.)

e The single-level MSD scheme reaches ¢, 2 35p° as expected.

e The combined MSD scheme reaches very low output infidelities, e.g., ~ 3.4 x 107" when p = 107*.

e Compared to a previous color code MSD scheme by Beverland et al. refrrxquantum.2.020341 (2021)
~ 40 times improvement in spacetime cost (#qubits X #timesteps) when p = 10~

e Still not better than the surface code scheme
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Performance analysis

Output infidelity Failure rate Space cost n Time cost ¢t Effective spacetime cost

Qdist 1 — @suce (Qubits) ) (Time steps) (nt/qsuce)

(a) p=10~ S —
sng-(9, 4, 6, 3) 1.56 x 107° | 3.83 x 1072 569 256 '5, 1.51 x 10°
sng-(9, 6,6, 5) 1.94x 1077 | 2.84 x 1073 701 384 | 2.70 x 10°
sng-(11, 8, 6, 5) 2.62x107°% | 291 x 1077 833 384 3.21 x 10°
sng-(13,6, 8, 5) 1.83 x 1077 | 2.31 x107° 1093 384 4.21 x 10°

sng-(17,10,12,5) 1.40 x 1071 © 2.37 x 107° 2193 384 P 8.44 x10°
sng-(21,14,12,9) 3.54 x 107 | 1.50 x 107° 2917 640 - 1.87x10° |
cmb-(17,16,12,5,5,3) | 1.46 x 10~** | 1.11 x 1073 3441 750 1 2.59 x 10°
cmb-(17,12,12,7,5,5) | 298 x 107*° | 1.47 x 10~* 5717 684 - 3.92 x 10° i
cmb-(21,14,14,7,7,6) | 1.05x 107*® | 3.62 x 10~° 7583 940 | 7.13 x 10° |
cmb-(23,16,16,9,7,3) | 1.82x 1077 | 4.55 x 107° 6979 1539 - 1.07 x 107
cmb-(29,22,20,13,7,4) | 3.40x 107" | 3.20x 107°% 1.47 x 10* 1597 236 x 107 |
®)p=5x10"2 { |
sng-(11, 8, 6, 5) 1.33x107° | 3.88x 1077 833 384 - 3.33 x 10°
sng-(15, 6, 10, 5) 1.31 x 107° | 2.96 x 10~ ? 1477 384 5.84 x 10° h
sng-(17,8,10,7) 1.05x 10°7 | 1.01 x 10~2 1785 512 9.23 x 10°
sng-(21,10, 12, 9) 1.15x107® | 7.93x10°° 2645 640 s[ 1.71 x 10° |
sng-(29, 18, 18, 15) 443 x 1077 | 7.52x 107" 6053 1024 - 6.25 x 10°
cmb-(23,16,14,9, 5, 6) 1.02x 1072 | 247 x107°® 1.01 x 10* 1167 - 1.18 x 107
cmb-(29,22,18,11,5,6) | 1.00 x 107 | 2.08 x 107* 1.51 x 10* 1228 1 1.86 x 107 §
cmb-(31,18,20,11,7,5) | 1.19 x 107" | 3.69 x 10~* 1.39 x 10* 9097 - 1.27 x 108
cmb-(35,20,24,11,7,5) | 1.50 x 107" | 3.72x10"* 1.56 x 10* 9097 1.42 x 108
cmb-(41,26,28,13,7,6) | 1.09 x 1073 | 2,17 x10~* 2.40 x 10* 8932 2.14 x 10° |
cmb-(47,32,26,21,7,5) | 697 x107'* | 1.89 x 10~* 3.90 x 10* 9209 3.59 x 10® k
(c) p=10""
sng-(17,8,12,7) 1.72x 107° | 5.37x10°? 2149 512 1.16 x 10°
sng-(23, 16, 14,9) 1.13x107°% | 2.52 x 1072 3701 640 2.43 x 10° |
sng-(29, 20, 18,11) 1.27x1077 | 1.82 x 1072 5909 768 4.62 x 10°
sng- (47,24, 26, 23) 3.58 x107% | 1.51 x10™% 1.31 x 10* 1536 2.04 x 107 5‘
cmb-(47,26,30,17,7,5) | 1.15x107% | 6.99 x 10~% 3.06 x 10*  2.28 x 10° 7.03 x 10°
cmb-(53,38,34,19,7,5) | 1.04x 1077 | 421 x107° 3.99 x 10*  2.29 x 10° 9.18 x 10° J
cmb-(67,38,34,33,7,5) | 1.82x107'° | 2,59 x107% 7.06 x 10*  2.26 x 10° 1.60 x 10"°
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Take-Home Messages

e \We need end-to-end MSD schemes optimised for individual QEC codes, not just their high-level
structures.

* For color codes, we can exploit their advantages:
» Simultaneous measurement of commuting Pauli operators via lattice surgery
~ Various types of logical patches (triangular / rectangular)

~ Transversal Clifford gate (which enables the Chamberland-Noh protocol)

e For realistic error analysis, every possible type of logical error that can happen during MSD should
ne considered:

~ Patches, ancillary regions, domain walls, non-Clifford components, and so on.

- Theoretical estimations (e.g., p; &~ 35p~) are valid only when other logical errors are negligible.

'hey are indeed NOT in most cases.

e Our schemes improve resource cost by up to two orders of magnitude, approaching the
performance levels of surface codes.

25



Thank you

_M

E}
P

e
et
‘.15'3

_m.. :

¢
=&

=

arXiv:2409.07707



