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2D Color Codes

® CO ‘ O r'COd e I_attl Ce [Bombin & Martin-Delgado, PRL 2006]
Red edge

» 3-valent: Each vertex is connected
with three edges.

~ 3-colorable: Each face can be colored
in one of three colors {r, g, b} in a way

that adjacent faces do not have the

same color. 4-8-8 Lattice 6-6-6 Lattice

e Edges are also colorable.



2D Color Codes

e Qubit on each vertex

e Checks (stabilizer generators):
For each face f,

~ X-type check S;( = HXV
vef

» Z-type check SfZ = HZV
vef

- SMy) = w), SElw) = |w)

4-8-8 Lattice 6-6-6 Lattice

e Contain only local connections



2D Color Codes

Logical qubits

e [[/,1,3]] triangular color code = 7-qubit Steane code

Z = Logical Z X = Logical X



2D Color Codes

Logical qubits

e [[37,1,7]] triangular color code

Z = Logical Z



2D Color Codes

Why color codes?

e Advantages

1. Lower spatial cost (n/k x 3d?/4) than surface codes (n/k = d?)

2. Resource-efticient logical Pauli measurements using lattice surgery

[Thomsen et al., arXiv:2201.07806]

3. Transversal implementation of Clifford gates sombin &martin-beigado, PR 20061

e Disadvantages

> Difficulty in decoding — Low fault-tolerance



Decoding Problem

Elementary error
(typically X or Z)

Tanner graph



Decoding Problem

Violated check




Decoding Problem

For given check outcomes, how to estimate errors?
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Decoding Problem

For given check outcomes, how to estimate errors?
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Decoding Problem

Minimum-weight perfect matching (MWPM)

Tanner graph containing only edge-like elementary errors

11



Decoding Problem

Minimum-weight perfect matching (MWPM)

Boundary vertex vyg.,

Matching graph
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Decoding Problem

Minimum-weight perfect matching (MWPM)

Boundary vertex vyg.,

Matching graph
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Decoding Problem

Minimum-weight perfect matching (MWPM)

e Matching
: Set of edges that meet each
violated/unviolated check an odd/
even number of times

(not considering Vygyy)

e MWPM decoder
: Find a matching that minimizes the
sum of the weights of edges in it

w, = log [(1 —pe)/pe]
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Decoding Problem

Minimum-weight perfect matching (MWPM)

e Matching
: Set of edges that meet each
violated/unviolated check an odd/
even number of times

(not considering Vygyy)

e MWPM decoder
: Find a matching that minimizes the
sum of the weights of edges in it

w, = log [(1 —pe)/pe]

15



Decoding Problem

Minimum-weight perfect matching (MWPM)

e Matching
: Set of edges that meet each
violated/unviolated check an odd/
even number of times

(not considering Vygyy)

e MWPM decoder
: Find a matching that minimizes the
sum of the weights of edgesinit

w, = log [(1 —pe)/pe]




Decoding Color Codes

Red Z-type check

Blue Z-type check

‘§! WHY is decoding color codes difficult?
Satavaray

O;‘\?l‘}

aVaVaava
[ 0

Tanner graph for Pauli-X errors

Green Z-type check

Elementary errors are not edge-like!
An elementary error affects at most three checks.

- ( Pau | -X erro r)
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Decoding Color Codes

e
Saman
A 8
}(3;?(3\,
AR {4

Red-restricted lattice

Vertices « Green & blue faces

Edges « Red edges
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Concatenated MWPM Decoder

Red-restricted lattice

Vertices & Green & blue faces

Edges « Red edges

Overview
(c)

Red-only lattice

Vertices « Red faces & edges
Edges <« Qubits

19

Stabilizer



Concatenated MWPM Decoder

Overview
() [y - (b) (©)

Expected to have Stabilizer

W. | Violated red checks

an odd-parity error Ubdry

“Virtual” . olated check
Red-restricted lattice | Red-only lattice N
Vertices <> Green & blue faces | Vertices < Red faces & edges | MWPM

_ Edges < Qubits |

20

Edges « Red edges




Concatenated MWPM Decoder

Overview

(c)

X 3 by varying color: red, green, blue

— Select the smallest-weight correction
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Concatenated MWPM Decoder

Performance

e Bit-flip noise model
» Every data qubit undergoes a bit-flip (X) error with probability p.

» Perfect syndrome measurements.

(a) 0.20 (b)10-
: d=3 o=
0.18 - 10 - 2222
i XX RS
‘ oz
016 ~ 10—3 — :’:/: o¥
T = - :l.
Y 5 7]
= 0.14 - 10—4 _ X b
X
107 - ¢ %
0.12 -
X
0.10 | 107° - . )|( . , — |
0.076 0.078 0.080 0.082 0.084 0.086 0.088 0.02 0-03p 0.04 0.05
p

Noise threshold: ptl}’litﬂip ~ 8.2 %

(8.7 % tor projection decoder and 9.0 % for Mobius decoder)

[Delfosse, PRA 2014] [Sahay & Brown, PRXQ 2022] .




Psail (ansatz estimation)
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Concatenated MWPM Decoder

Performance Comparison

Concat. (d = 15)
Projec. (d =15)
Mobius (d = 15)
Concat. (d = 31)
Projec. (d = 31)
Mobbius (d = 31)

10-3

107
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p~1/3"
b~ 3/7:

‘or the projection decoder

‘or the Mobius decoder

(Due to

ow-weight uncorrectable errors)
w<d/2




Concatenated MWPM Decoder

Color Selecting Strategy Comparison

[0~ Bit-flip noise of p = 0.02 Bit-flip noise of p = 0.04
1072 =
_ 1073 -
=
= 10 -
1 = Single color x  Single color
105 - Two colors i} Two colors
{ e Allcolors { e Allcolors
10_6 | | | | | | | | | | | | | | | | | |

1 3 5 7 9 11 131517 1 5 9 13 17 21 25 29 33
d d
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Generalization to Circuit-level Noise

 \We need to consider “circuits”, not just codes.
e Circuit-level noise model
~ Every measurement outcome is flipped with probability p.
- Every preparation of a qubit produces an orthogonal state with probability p.

- Every single- or two-qubit unitary gate (including the idling gate I) is tollowed

by a single- or two-qubit depolarizing noise channel with strength p.

P
&) (p) 2 pV = (=pp'V + = > PP,
Pe{X,Y, 7}
2 () PP A=pp@ 4 Y (P@P)p® (P ®P)

PP, € {X,Y,Z)
PP, #IQI
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Generalization to Circuit-level Noise

Syndrome Extraction

Z-type check measurement  X-type check measurement

Order is important!
See [Beverland et al., PRXQ 2021]
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Generalization to Circuit-level Noise

Detectors

| NG+D) o (D)o (+])
| DﬁZ = mﬁzmﬁz

} +1if no errors

-’}A @) e =1, () "o Detectors
DﬁZ.— mﬁZ mﬁZ
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Generalization to Circuit-level Noise

Detectors

D]f;fl) . — m]fgm]fgrl) — 1 (Violated)
’ . , +1 if no errors

~ # _}
Vio\ateDcsteCtors

| N =D () s
DﬁZ.— mﬁZ mﬁZ
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Generalization to Circuit-level Noise

Detectors

| NG+ o () (t+])
. DﬁZ — mﬁzmﬁz =+ 1

Df(g L= m]ftz_l)m]fg = — 1 (Violated)
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Generalization to Circuit-level Noise

~ . Logical observable

n
| ve{blue boundary}
\ — Logical observable

\L/ \L/
N &
% &
AN AN
L/ \L/
D &
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Generalization to Circuit-level Noise
Detector Error Model (DEM)

[Stin.DetectortrrormiodeL ("

e Definition ! error(0.00193118) D@ D1 D2 §
¢ error(0.0012662) Do D1 L0 1

> A set of independent error mechanisms. error(0.00259527) DO D2

5 error(0.00504495) DO D3

» Each error mechanism is specified by error(0.00458224) DO L0

{ error(0.00119929) D1

- its probability, error(0.0012662) D1 D2
{ error(0.000799787) D1 D2 D3}
- detectors flipped by it, error(0.000799787) D1 D3 D5}
i error(0.00266116) D1 D3 LO f§
- logical observables flipped by it. I error(0.00504495) D1 D4 |
, ! error(0.00133227) D1 D5 i

e Construction error(0.00325848) D1 L0
| 8Dp) := (1 = q)p + qPpP | error(0.00193118) D2 ,
» Decompose depolarizing noise channels as i error(0.000799787) D2 D3 1§
(1) — 2X) , @) | 2(2) 2) — 2X®I) , 2(X®X) . 2(X®Y) . ... . P(ZRZ) | error(0.00504495) D2 D5 ”
%p %‘11 %41 %‘11 ’ %p %‘12 %% (g‘b %‘12 ' ! error(0.000533333) D2 L0 s
where ¢, := (1 —4/1 —4p/3)/2 and ¢, := [1 — (1 — 16p/15)"°]/2 t  error(0.00272788) D3 D4 D5 |
’ error(0.00286063) D3 D4 LO §
» Commute all the single-Pauli error channels to the end of the circuit. i error(0.00339091) D3 D5

f error(0.00405306) D3 LO
» Check detectors & logical observables flipped by each single-Pauli error channel i error(0.00471432) D4 D5 i
3 error(0.00352348) D4 L0 !
eex)d=3,T=1,p=107 error(0.00484654) D5

e i .i' - ' uan DR i ! error(0.000533333) D5 L0

§') !



Generalization to Circuit-level Noise
MWPM on DEM

e |f a DEM only has edge-like error mechanisms
(i.e., each error mechanism affects at most two detectors),

DEM
p1 — Dy, D,,

py = Dy, D,
p3 = D3, Dy,
Py = Dy, Ds,
ps = Dy
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Generalization to Circuit-level Noise
Generalized Concatenated MWPM decoder

|Red/Green/Blue-restricted DEM| i Red/Green/Blue-only DEM {

_t o ° °
Outcome Final prediction
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Generalization to Circuit-level Noise

Performance

1e-2

pfaiI/T

0.51d-0.66

-~ 0.0091
Prail < 0.0032 IB

Pers(D) \ .
Pinrs(T) zpt]ﬂrrrs 1 - (1 - thET ) r

Noise threshold
o
|

08 o Prhrs ]
0.4 | | |
0 10 20 30 40
T
10° 3 4 4
LT ._ 1: ~ L p=10~ 1 p=5x10" : p=10"
pthrs T }lm pthrS(T) ~ 0.456 % 107 | | | s Proj. decoder
— ~ 104 - - - Mobius decoder
. . \Ts . - . (superdense)
(Projection decoder) & 106 - _ _ . Mobius decoder
0.37% in[Beverland et al., PRXQ 2021], 5 _ | | 3=7 times (midale-out)
PLT = 10 : e Concat. decoder
thrs 0.47% in[Zhang et al., arXiv:2309.05222] - 1 ' {improvement
e | 3 5 7 911131517 19 21 3 5 7 9 1113 1517 19 3 ) 7/ 9 11 13
(Mobius decoder) d d d

0.5% é pt]ﬁ?s é 0.7 % [Gidney & Jones, arXiv:2312.08813] Data on projection decoder from [Beverland et al., PRXQ 2021] & Data on Mobius decoder from [Gidney & Jones, arXiv:2312.08813]
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Generalization to Circuit-level Noise

Stability experiments (timelike errors)

Timelike error

Red temporal boundary
(Bell measurements on red edges)

N

Encode no logical qubits

10-3 Z-type check failure X-type check failure
-4 _ _ A ‘. =4 Z-type check tailure
13—5 ] 7 // ] ! — ,/1/ P » 0.77T—1.1
~ 107 - | = A | - 17 T2 —4 T co
% o g ' 77 ] : Peait! L (7.1 X 10 ) X (0.0048) > (0.5¢
B 10:2: : Ic\? ] S X-type check failure
110(310 | 4 - &// ) | /] &// » 0.777-1.1
1 — — . L LY — L7 = (6.8 X 107%) % -
o e - o Pra/ L = | ) ( 0.0048 )



Summary

e Color codes have many advantages such as low resource costs ana
transversal Clifford gates, but their decoding is relatively difticult.

* To apply MWPM, elementary errors (or error mechanisms in the detector
error model) should be edge-like, which is not the case for color codes.

* The concatenated MWPM decoder resolves this problem by using the
concatenation of two MWPMSs on two lattices per color.

* The decoder can be generalized to accommodate circuit-level noise by
using detector error models.

e Its sub-threshold scaling nearly achieves p;.;; ~ p¥* and outperforms
previous decoders.
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Thank you



Correctable O(d/3) error

(a)

.....
L 4 \d
L 4 .




CNOT schedule comparison

3.5 o= 20 (=3 g
(@) - (b) " - K7
3.0 _: _ Jb}//
_ _ 0 (@- o ///
25 : 15 . ‘(:;“ ’0\“3‘0‘0\Q;/'
To Ny P Ny X /@’0
E | 5&3 *'A‘?':O:‘ 3“‘0)// °
Q. : | Siths, MR cof,
2.0 : 1.0 Séé'g.:%z??‘?\!i"':.) (:%’
: "'“)/ f‘e@\ - ¢
1.5 W o O
| 051" e
o | ' ' ' ' ' ¥o|5| 10 15 20
0) 50 100 150 200 250 300 ' ) 1e—3.
CNOT schedules Prail
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More simulation data: Bit-flip

(b)107 d=3 s

102 7% S22

BTz
_ 1070 - Z227
e 2
10 - Z
X
1075 -
107° -5 T T ]
0.02 0.03 0.04 0.05

(c) 2° 50
—— G(d) =0.49d + 0.23
20 C(d) =1.30d — 1.52 T o
S
O
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(a) 0.35

0.30

0.25

Prail

0.20

0.15

0.10

0.55

0.50

More simulation data: Circuit-level

[T =1]
1,23 -
% i—
d=
=
|
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| | | | |
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Color selection strategy comparison

(o~ Bit-flip noise of p = 0.02 Bit-flip noise of p = 0.04
1072 -
_ 1073 =
=
107 - . |
: Single color x  Single color
105 4 4 Two colors 1 a4 Two colors
{ e Allcolors { e Allcolors
10_6 | | | | | | | | | | | | | | | | | |

1 83 5 7 9 1113 1517 1 5 9 13 17 21 25 29 33
d d
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